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A Four-Dimensional Plus
Hysteresis Chaos Generator

Kunihiko Mitsubori and Toshimichi Saito, Member, IEEE

Abstract— This paper discusses a four-dimensional plus hys-
teresis autonomous chaotic circuit. The circuit dynamics is de-
scribed by two symmetric four-dimensional linear equations con-
nected to each other by hysteresis switchings. We transform the
equation into Jordan form and derive theoretical formulas of
its three-dimensional return map, its Jacobian matrix and its
Jacobian. These formulas can be developed easily to general
dimensional cases and are used to evaluate Lyapunov exponents.
Then we have discovered torus doubling route to chaos and then
to hyperchaos. Some of the return map attractors are confirmed
by laboratory experiments. A rough two parameters bifurcation
diagram is also given.

1. INTRODUCTION

HAOTIC phenomena in electric circuits have been stud-
ied with great interest. In the study of autonomous
chaotic circuits, some interesting results are given for three-
dimensional (3-D) systems [1]-[5], and some experimental
results are given for four-dimensional (4-D) ones [6]-[8]. Then

more higher dimensional systems have been recently begun to’

investigate [9].

More than 3-D circuits can exhibit hyperchaos [6] and
related interesting phenomena which cannot be observed in 3-
D ones. Hyperchaos is a higher dimensional chaos introduced
by Rossler [7] and is usually defined as a chaotic attractor
with more than one positive Lyapunov exponent. It implies
that its dynamics expand more than one direction. They relate
important fundamental problems: classification of chaos, route
to chaos and so on [10], [11]. Also analysis and synthesis
of such circuits may contribute to engineering applications,
among them: spread spectrum communications [12], [13],
controlling chaos [14}-[16] and memory search in artificial
neural networks [17]. However, the analysis of more than 3-D
chaotic circuits is difficult because of the system complexity.
In order to approach to such a circuit, we should focus on a
simple model.

Then, this paper considers a 4-D plus hysteresis autonomous
circuit given by Fig. 1(a). Here, —r; and —ry are linear
negative resistors characterized by v; = —r;i; (j = 1,2). In
experiments, we utilize the central part of a current-controlled
nonlinear resistor characterized by Fig. 1(b). Fig. 1(c) gives its
implementation example. —H is a dependent voltage source

Manuscript received April 11, 1994; revised September 5, 1994. This paper
was recommended by Associate Editor Michael Peter Kennedy.

The authors are with the Department of Electrical and Electronical Engi-
neering, HOSEI University, Koganei-shi, Tokyo, 184 Japan.

IEEE Log Number 9407179.

characterized by the following hysteresis (see Fig. 1(d)):

E forvy +wve > —Er,/m

—E foruvy +vs < Erg/mp M

-H (1)1 + ’U2) = {
—H is switched from FE to — F if vy +w» hits the left threshold
—FEr,/ry and vice versa. Fig. 1(e) gives an implementation
example of —H. Here, —H consists of inverting adder and .
hysteresis comparator. Hereafter, we assume that the op amp
is linear and that the zener diode is ideal. The circuit dynamics
can be described by two symmetric linear equations connected

"to each other by a hysteresis switchings:

d di .
RC JU} =Riy — (v + H(v1 + vz)),Ll% = —v; + 118y
dt dt
d . . di .
RC% = Riy — (Ul + H(’Ul + ’Uz)),Lzﬁ = —vg + r9i3.
' 2

Here the vector field of the state variables consists of two
overlapping 4-D halfspaces.

Such hysteresis chaos generators have been developed by
Newcomb’s group and us. Newcomb and El-leithy have pro-
posed a chaos generator that includes binary hysteresis [2] in
1984. Contemporarily, the second author has proposed a hys-
teresis chaes generator based on a quasi-harmonic oscillator
[18]. Also we show a chaotic circuit family that includes one
hysteresis resistor in [19] and the normal form equation from
five-dimensional case is equivalent to (7) in some parameter
range. The hysteresis resistor can be realized by three segments
piecewise linear resistor for which a small inductor L is con-
nected in series. Letting Lg tend to zero, the piecewise linear
resistor is to be hysteresis one. Then the 3- and 4-D circuit
can be treated as 2- and 3-D plus hysteresis one, respectively.
In these cases, we have given a sufficient condition for chaos
generation under strong parameter restriction [5], [8]. Chua’s
circuit includes a three segments piecewise linear resistor and
some interesting results are given by using piecewise linear
techniques [20], [21]. The 2-D plus hysteresis chaos generator
[2], [5] is a limiting case of Chua’s circuit and its analysis
procedure is simpler because of hysteresis switching of two
linear systems.

This circuit exhibits interesting phenomena. Fig. 2 shows

some examples of them as /7, decreases. Fig. 2(a) shows

a periodic orbit. This circuit has two different resonance fre-
quencies controlled by two inductors L, and L, respectively,
and their interaction affects the dynamics. As 7, /7, decreases,
the attractor changes to torus Fig. 2(b) and then to chaotic
attractors Fig. 2(c) and (d). The chaos Fig. 2(d) has different
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A 4-D plus hysteresis chaos generator.

Fig. 1.

topology from Fig. 2(c). This paper analyzes such phenomena
by using a piecewise linear techniques. The outline is as the
following:

1) We transform the circuit equation into Jordan form
[22] and derive theoretical formulas of the 3-D return
map, its Jacobian matrix and its Jacobian. These can be
developed easily to general dimensional cases.

2) Using these formulas, we evaluate Lyapunov exponents
[23], [24] for attractor from the return map. These
exponents are used to classify the phenomena.

3) We select /7, as a control parameter. It controls the
locations of the equilibrium points. Then we have dis-
covered torus doubling route [25], [26] to area expanding
chaos [27] that has positive 2-D Lyapunov exponent. We
have also discovered volume expanding chaos that has
positive 3-D Lyapunov exponent. The volume expanding
chaos is a kind of hyperchaos. Some of the return map
attractors are verified by laboratory measurements.

4) We calculate a rough two parameters bifurcation diagram
in which L, is another control parameter. It suggests that
the torus doubling route is not singular.

In this system, the analysis procedure can be developed
easily for general dimensional plus hysteresis chaos generator.
It can contribute to systematic analysis for the general dimen-
sional case. This is the first circuit in which torus doubling
route to area expanding chaos and volume expanding chaos

f

tv
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@

Fig. 2. Change of attractor as —b— decreases (C' ~ 10 nF, R ~ 15 kQ,
Ly ~ 300 mH, Lo ~ 150 mH, r1 ~ 2.5 k€, ro =~ 1.5 k). (a) Periodicity
for —& = 3.8; (b) torus for : = 3.0; (¢) area expandmg chaos (po > 0)

for _ﬁ_ = 2.0; (d) volume expanding chaos (3 > 0) for =1.3.

are confirmed by both numerical experiments using piecewise
linear exact solutions and laboratory experiments.

II. JORDAN FORM FOR THE HYSTERESIS CIRCUIT

Using dimensionless variables and parameters:

! t 44_”_d _ﬁ

T_M7 = dar 77—7~

X, =T =1 oy, o1y, -0l
2 2

alz%'lga ,Bl:%a a2=%5q7 1322%

Equation (2) is transformed into the following equation:

-Xl [—1 1
_Yl :| - :—041 01,81:|
5] =7 Jren 30,
—Xg o I -1 1 .
_YQ :| - :—042 a2/82:|
[)522 } [m/ﬂ ] (X + Xzﬂ @
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where

X1+ Xo) = —H(%(Xl + X2)> /E

_ 1 fOI'X1+X22—1
T 1-1 for X1 4+Xy<1

b1 B2

pl—l__ﬂla p2—1_182‘

The variable X7, X2, Y7 and Y; are proportional to vy, vy,
Riq and Ris, respectively. A is a normalized hysteresis and is
switched from 1 to —1 if X;+ X5 hits the left threshold —1 and
vice versa. This system has five parameters («y, £1, ag, 52,7).
The parameter a;; and « control oscillation frequencies, (1
and 5 control dumping, and 7 controls the width of hysteresis
thresholds. We focus on the case where the coefficient matrix
of (4) has four complex eigenvalues A; + 58y and Ay £ jQs:

_ _ 2
Al = ————alﬂ; 1, Q% = O[LB — 1) — —(a1ﬂ14 1) > 0,
-1 ~1)2
Ao = -—-———aQIB; , Qg = az(l — ,82) - —(a2ﬂ24 ) > 0.
)]

Note that (1 — §1) and (1 — /33) must be positive hence p;
and po are positive. Then applying the transformation:

1
X1 = Xl, y1 = Q—l{—(l + Al)Xl +Y1}

1
T2 = X3, y2= 9—2{—(1 + Az) X2 + Yz},
d
3 . b2l — — 6
dr ©
Equation (4) can be transformed into the following Jordan
form [22]:

z1 b 1 |||z 21

Sl = - h(z1 - ,

] =12 sl -l e =)

Lo b2 w2 T2 P2

“ = - h(z: , (1
AR B || R AN LR
where seven parameters (61, 63, ws, p1, M1, P2, M2) are given
by

61 = A1/,

T =M,

82 = Dg /1, (w1 =1), wp=0/0,

my = -Ql—l{wl —(1+A1)}, me= Q%{1//32-(1+A2)}.

Note again that the original parameters are (a1, B1, o9,
B2, n). The equilibrium point moves along the line I' =
{(x,h) | y1 = mix1,y2 = maoxs} as n varies. Hereafter,
we abbreviate (7) as the following:

x = A(x — nph(z1 + z2)), : 8)
where
)T

X = (21,Y1,%2,%2)", P= (P17m1p1,P2,m2P2)Ta

0 1 0 0

-1 6 0 0
A= 0 0 6  wy
0 0 —Wwy 52

(d)

Fig. 3. Change of attractor from Jordan form as % decreases (o1, f1, o2,
B2) = (7.5, 0.16, 15, 0.097) Jordan form parameters: (61, 62, w2, p1, M1, P2,
mg) = (0.04, 0.09, 1.47, 0.19, 2.05, 0.11, 2.47). (a) Periodicity for n = 3.8;
(b) torus for n = 3.0; (c) area expanding chaos (p2 > 0) for 7 = 2.0; (d)
volume expanding chaos (x3 > 0) for 7 = 1.3. This corresponds to Fig. 2.

Solution for h = 1 is given by the following and the other
is symmetric to it:

x(r) —np = e*7(x(0) — 1p), ©)
where
Ar e™ 0 At Sur| COSWRT  SiDWiT
e?T = a.rl, € =e )
O e —sSinwgT COSWET
(k=1,2).

Fig. 3 shows change of attractor from the Jordan form as 7
decreases corresponding to Fig. 2. The attractors in Fig. 3 are
equivalent to the ones in Fig. 2 through the transformations in
(3) and (6). Here, Fig. 3(a) shows a periodic attractor. Bold
dot arc is on the upper branch h = 1, and fine dot one is
on the lower branch —1. Its moving angles are 7 in (z1,y1)
plane and wo7 in (x9,y2) plane, respectively, where w; = 1
and wy = 1.47 in this example.

An interaction between two angular frequencies wy and ws
affects the switching dynamics. In this case wy is higher than
w1, trajectory on (x2,y2) plane rotates faster than that in
(z1,y1) plane. When the trajectory forms the lower arc on
(z1,y1) plane, it forms the upper arc on (z3,y2) plane. Such
proportion is destroyed as a parameter varies. Thus z; has
inverse correlation to z9. For a simplicity on the experiment,
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Fig. 4. Abstract figure of 3-D return map by projection of 4-D halfspaces
connected to each other by hysteresis switching.

we select 77 as a control parameter that can be adjusted by only
5. As 1 decreases, the equilibrium point approaches to the
origin. Then the attractor can not keep the proportion between
both arcs and changes to torus Fig. 3(b), and then to chaotic
ones Fig. 3(c) and (d). From Fig. 3(a) to (c), the attractor has
the inverse correlation between x; and z». But in Fig. 3(d),
because some trajectory segments rotate many times around
the equilibrium point, it does not have such correlation. In
next section, we investigate this change quantitatively.

III. RETURN MAP AND ITS LYAPUNOV EXPONENTS

In order to derive the return map according to [19], we
define some objects (see Fig. 4):

m={(x,h) | z1+22=1, h=1}
Th_ = {(x,h) | z1 4+ z2 = -1, h =1} (10)
Thl_ = {(x,h)|331+z2 = —17 h:—]_}

where D,,, Th_ and Th’_ are domain of the return map, left
threshold of h and projection of Th’_, respectively. Note that
Fig. 4 is an abstract figure of 4-D halfspaces connected to
each other by hysteresis switching. Let any point in D, be
represented by its yo, z2 and yy coordinates.

We consider the case where the trajectory starting from x(0)
in Dy, hits a point x(71) in Th_ and jumps to the same point
in Th’_, where 74 is the switching time. Since the vector field
is symmetric, the trajectory starting from x(7;) in Th’ is
symmetric to that starting from —x(7;) in D,,,. Then, we can
define the following 3-D return map:

F: Dy Dy,
(%1(0),22(0), y2(0)) — —(y1(m1), z2(71), 92(71)). (1D
Image of F' is given by:
(y1(11), 22(11), y2(11))" = S(e*7(x(0) — np) + 7p), (12)

where

wn

I
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Fig. 5. Projections of attractors from the return map (C' ~ 10 nF, R ~ 15
k2, Ly ~ 300 mH, Ly ~ 150 mH, 71 ~ 2.5 kQ, ro ~ 1.5 k2). Normalized
parameters: (o1, 81, az, B2) = (7.5, 0.16, 15, 0.097). (a) Periodicity for
n = 3.8; (b) torus for n = 3.0; (c) area expanding chaos (2 > 0) for
n = 2.0; (d) volume expanding chaos (u3 > 0) for = 1.3. e This
corresponds to Figs. 2 and 3.

Here, the switching time 7 can be given by the following
implicit equation:

w(e?™(x(0) — np) + np) = -1, (13)

where
=(1,0,1,0).

In actual calculations, it can be solved by using the Newton-
Raphson method. We obtain the image of the map by substi-
tuting this 71 into (12).

Fig. 5 shows the attractors from the return map given by
both laboratory and numerical experiments. It corresponds
to the attractors in Figs. 2 and 3. They are projections to
(v1,—ryi1) and (z3,y2) spaces, respectively. The laboratory
measurements can be realized by the following procedure:

1) A comparator with threshold voltage zero bipolarizes

(—H = FE corresponds to A = 1).

2) The comparator output is transformed to trigger pulse

by a differentiator.

3) The differentiator output is applied to the luminous

modulation terminal in the oscilloscope.

In Fig. 5(b), the attractor forms a closed curve. Therefore, it
is torus. The chaotic attractor in Fig. 5(d) is more complicated
than that in Fig. 5(c).

In order to calculate Lyapunov exponents for attractor from
the return map, we introduce following two theorems.
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Theorem 1: Let DF be the Jacobian matrix of the return
map. It can be calculated by

A 1B o,

wA(x(r1) — np) 1

DFzS(I—

where T is identify, and

10
0 0
T= 1 0
01

0
1
0
0

Theorem 2: The Jacobjan |DF| can be calculated by fol-
lowing. formula:

wA(x(0) — np)

wA(x(m) —np)’

The proof of these theorems are shown in Appendix. These
formulas are calculated by using the image x(71), the initial
point x(0) and the switching time 7;. They can be developed
easily to general dimensional cases.

Using these formulas, we can evaluate Lyapunov exponents
[23], [24] for attractor from the return map. Hereafter, we
classify chaotic phenomena by the Lyapunov exponents from
the return map. The map is 3-D and let 11, pp and p3 be the
largest one dimensional, the largest 2-D and 3-D Lyapunov
exponent, respectively. They can be calculated by

Zln]DFJI
] =1

IDF| = |47

as)

2:

1

e = > In|DF;e] x DF e} (16)
i=1
1 N
p1 = NZ In|DF ;€|
j=1

where e} and e} are orthonormal bases and they can be
calculated by using the procedure in [23]. Note that (15) is
useful to calculate ugs.

If p4 is positive then the return map expands the line, if pg
is positive then it expands the area, and if 3 is positive then
it expands the volume, respectively. Then, we can classify the
chaos as the following:

1) If 43 > 0 > po, then the attractor is line expanding

chaos.

2) If o > 0 > pug, then the attractor is area expanding

chaos.

3) If u3z > 0, then the attractor is volume expanding chaos.
Here, the area expanding chaos implies that the map expands
no volume but area. Also, the line expanding chaos implies
that the map expands neither volume nor area but line.

IV. ROUTE TO CHAOS IN THE HYSTERESIS SYSTEM

For a simplicity, we select  as the control parameter and the
other parameters (o, 1, @2, (2) are fixed. The equilibrium
point is on the line T' = {(x,h) | y1 = miz1,y2 = Maxa}
and it approaches to the origin as 7 decreases.

. ‘é(b).l.
-2 : | L HE

! “n- 5
Fig. 6. Lyapunov exponents (a1, 01, a2, 82) = (7.5, 0.16, 15, 0.097). O
= Largest 1-D exponents g1, + = Largest 2-D exponents p2, 00 = 3-D
exponent p3. Attractors (a) to (d) in Fig. 5 are observed at (a) to (d) in this
figure.

Fig. 6 shows the Lyapunov exponents for the return map
attractors. In this calculation, we have confirmed that the
exponents reasonably converged in about 10 000 iterations. So
we calculate Lyapunov exponents by using 10 000 iterations
after 5000 steps. Here, the attractors (a) to (d) in Fig. 5 are
observed at Fig. 6(a) to (d), respectively. At Fig. 6(b), the
attractor is torus hence g is zero. At Fig. 6(c), uo is positive
and the attractor is area expanding chaos. At Fig. 6(d), p3 is
positive and the attractor is volume expanding chaos.

Then, we show a rough scenario for these transitions as 7
decreases:

1) (a) — (b): The periodic attractor changes to torus via
Hopf bifurcation. we have confirmed that e#* crosses
the unit circle at Hopf bifurcation set.

2) (b) — (c): The transition from torus to area expanding

chaos is due to the doubling of torus [25], [26]. We
have confirmed torus rolled four times in laboratory
experiments (see Fig. 7). If we perform more precise
experiment, the torus rolled more times seems to be
observed. Fig. 8 shows the Lyapunov exponents in this
transition. Here, Torus rolled two times and four times
are observed in Fig. 8(e) and (f), respectively.
In the flow in a 3-D phase space (e.g., Rossler’s spiral),
period doubling causes transition from periodicity to
chaos. Then 1-D Lyapunov exponent changes from
negative to positive. Therefore, if torus doubling to
chaos takes place in a 3-D return map, us changes from
negative to positive. The line expanding chaos can not
be observed in the transition. We can see the above in
Fig. 8.

3) (¢) — (d): Area expanding chaos changes to volume
expanding chaos. As shown in Figs. 2 and 3, the volume
expanding chaos has different. topology from the area
expanding chaos. In the volume expanding chaos, the
trajectory arcs can be classified into two categories as
shown in Fig. 9(I). Arcs (a) and (b) represent the first
and second categories, respectively. (a) Touches Th_,
and (b) does not touch that. Arc (a) has longer switching
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Fig. 7. Attractors from the return map in torus doubling (C =~ 10 nF,
R ~15kQ, Ly ~ 300 mH, Ly ~ 150 mH, r; ~ 2.5k, r2 ~ 1.5
k). Normalized parameters: (a1, B1, a2, 82) = (7.5, 0.16, 15, 0.097) (a)
Torus rolled two times for n ~ 2.6; (b) torus rolled four times for  ~ 2.52.

interval of h than (b). The longer switching interval
corresponds to the longer arc. This figure includes the
region ¥ = {x | z14+2z2 = 1, 142 = 0} on which the
trajectory touches Th_. Note that 0 < 61, 62 < 1 (in this
figure, 67 = 0.04 and 85 = 0.09). If the attractor includes
¥, such longer trajectory is born. We have confirmed
that the area expanding chaos does not includes the
longer trajectory segment. Fig. 9(IT) shows an example
of projection of the return map attractor for volume
expanding chaos and it includes ¥. Fig. 9(IIT) shows
that for area expanding chaos and it excludes .

Then we have calculated a rough two parameters bifurcation
diagram as shown in Fig. 10. Here, we note that « is propor-
tional to Lo and it controls the second resonance frequency.
The bifurcation shown in Fig. 5 is observed along the dotted
line. This figure suggests that the torus doubling route to chaos
. 1s not singular.

V. CONCLUSION

We have considered a 4-D plus hysteresis chaos generator.
The circuit dynamics are described by two symmetric 4-
D linear equations connected to each other by hysteresis
switchings. We have transformed the circuit equation into
Jordan form and have derived theoretical formulas of its 3-
D return map, its Jacobian matrix and its Jacobian. These
formulas can be developed easily to general dimensional cases.
They are used to evaluate Lyapunov exponents. Then we have
discovered torus doubling route to area expanding chaos and
volume expanding chaos. Some of the return map attractor
have been confirmed by laboratory experiments. We have also

-0.05 L _ 1
2495 2.501
Fig. 8. Lyapunov exponents in torus doubling (a1, 81, az, 82) = (7.5, 0.16,

15, 0.097). O = Largest 1-D exponents 21, + = Largest 2-D exponents i3,
e Attractors (a) and (b) in Fig. 7 are observed at (e) and (f) in this figure.

calculated a rough two parameters bifurcation diagram. Then
we enumerate following future problems:

1) In order to analyze the bifurcations in more detail,
interaction between two frequencies w; and ws should
be investigated. If the two frequencies match each other,
the attractor is to be periodic. As parameter varies, this
matching is destroyed and the complicated phenomena
are caused.

2) Much more complicated but interesting phenomena may
occur in higher odd dimensional systems which includes
many resonance frequencies (wq,ws, ...,wy). Our sys-
tematic analysis procedure may enable us to approach
to higher dimensional systems. '

3) We should try to apply the hysteresis system for some
engineering applications, e.g. spread spectrum communi-
cations and controlling chaos. Especially, a basic appli-
cation for controlling chaos will be published elsewhere.

APPENDIX I
THE DERIVATION OF JACOBIAN MATRIX DF

First, we introduce the following:

a7
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h=1
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I NN
T={x,hl X142 =-1, NX+%o=1: D
x1+I2=0} x1+x2='1:Thr—
6

]
Y4
(I (I)

Fig. 9. Characterizing volume expanding chaos. (I} Two kinds of trajectories,
trajectory (a) touches Th_ and (b) does not touch it. (II) The projection of
the return map attractor in volume expanding chaos for = 1.3; (III) that in
area expanding chaos for n = 2.0.

16

Ol
14{

13L

12

1 2 3 4 5

Fig. 10. Two parameters bifurcation diagram (a1, B1, B2) = (7.5, 0.16,
0.097). P: periodic attractor, T'n: torus rolled n times, L.e.c: line expanding
chaos, A.e.c: area expanding chaos, V.e.c: volume expanding chaos, d:
divergence. The broken curve is torus doubling bifurcation set. The bifurcation
in Fig. 6 is observed along the dotted line.

Using the above, we recast (11) into the following:

F: (U27U37U4) - —(‘/2,‘/37‘/21) (18)

ab. F:u— —v where, u = SU, v =8V

Next, we define the following functions:

f(u, r1(u)) = S(e*" (U — np) + np), w(U —np) =1,
g(u, 71 (u)) = w(e?” (U —np) +7p) + 1 =0. (19)

Differentiating both sides of f, we have:

Ve, V3, Vu) _ 0f -

¥ 50,,0,,T1) ~ B
=5t 20 L sactn (U mp) 2L o)
Noting that U; = ~Us + 9(p1 +p2) + 1
sern 90U _ goan Q1)

Applying theorem on implicit function for g = 0, we obtain:

on_ oy Joy ___ went
ou  Ou/ ory  wAeAT (U - qp)

where note that the denominator of the above is the velocity
of w(V —np) and it is negative because wx(= z1 + x2) hits
—1 from the right at 7 = 7. Substituting (21) and (22) into
(20), we obtain (14).

APPENDIX II
THE DERIVATION OF JACOBIAN |DF|

Noting (12), first we define:

G(n(u),u,v(w) = e (U—np) = (V —np)  (23)
Differentiating G = 0 by (71, u), we obtain:
oG G  9(m,v)
=0 24
5ry,w) * 9(r,v) O(m, W) oo
ab. K + LX = 0, (|L||X| = | - K]), where
0 -1 0
oG 0G A 1 0 0
_ |9GIG| _ an _ 25
[87’1 8u] € A(U = 7p) 6 1 0 (25)
6 0 1
0 1 0
0G 0G -1 0 0
_ |96 oG | _ _ 26
[an av] A(V=mp) g ;o ©®
0 0 -1
_ 67’1/87’1 87'1/811 _ 1 87'1/811
X= [av/aﬁ ov/ou |~ |0 -DF @7
Using Cramer’s formula, we obtain:
| - K| = |e*" [wA(U - np) (28)
IL| = —wA(V - np) (29)
Substituting these into | — K|/|L| = |X]| = —|DF|, we obtain

(15).
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